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Abstract
We calculate the O(g2, λ) corrections to the coupling anisotropies of the SU(2)-Higgs model
on lattices with asymmetric lattice spacings. These corrections are obtained by a one-loop
calculation requiring the rotational invariance of the gauge- and Higgs-boson propagators in the
continuum limit.
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1 Introduction
At high temperatures the electroweak symmetry is restored. Since the baryon violating processes are
unsuppressed at high temperatures, the observed baryon asymmetry of the universe has finally been
determined at the electroweak phase transition [1].
In recent years quantitative studies of the electroweak phase transition have been carried out by
means of resummed perturbation theory [2]–[4] and lattice Monte Carlo simulations [5]–[13]. In the
SU(2)-Higgs model for Higgs masses (MH) below 50 GeV, the phase transition is predicted by the
perturbation theory to be of first order. However, no definite statement can be made for physically
more interesting masses, e.g. MH > 80 GeV. Due to the bad infrared features of the theory, the
perturbative approach breaks down in this parameter region. A systematic and fully controllable
treatment is necessary, which can be achieved by lattice simulations.
For smaller Higgs boson masses (MH < 50 GeV) the phase transition is quite strong and relatively
easy to study on the lattice. For larger MH (e.g. MH = 80 GeV) the phase transition gets weaker,
the lowest excitations have masses small compared to the temperature, T . From this feature one
expects that a finite temperature simulation on isotropic lattice would need several hundred lattice
points in the spatial directions even for Lt = 2 temporal extension. These kinds of lattice sizes are
out of the scope of the present numerical resources.
One possibility to solve the problem of these different scales is to integrate out the heavy, O(T )
modes perturbatively, and analyse the obtained theory on the lattice. This strategy turned out to be
quite successful, and both its perturbative and lattice features have been studied by several groups
[6]–[11].
With this paper we follow another approach (analytic and in the future Monte Carlo) to handle
this two-scale problem. We will use the simple idea that finite temperature field theory can be con-
veniently studied on asymmetric lattices, i.e. lattices with different spacings in temporal (at) and
spatial (as) directions. This method solves the two-scale problem in a natural way [14]. Another
advantage is, well-known and often used in QCD, that this formulation makes an independent vari-
ation of the temperature (T ) and volume (V ) possible. The perturbative corrections to the coupling
anisotropies are known in QCD (see refs. [15, 16]).
The plan of this letter is as follows. In Section 2 we give the lattice action of the model on
asymmetric lattices and discuss the effective potential. Section 3 contains the calculation of the wave
function quantum correction terms, which give the quantum corrections to the anisotropy parameters.
Section 4 is devoted to the discussions and outlook.
2 Lattice action and the critical hopping parameter
For simplicity, we use equal lattice spacings in the three spatial directions (ai = as, i = 1, 2, 3)
and another spacing in the temporal direction (a4 = at). The asymmetry of the lattice spacings is
characterized by the asymmetry factor ξ = as/at. The different lattice spacings can be ensured by
different coupling strengths in the action for time-like and space-like directions. The action reads
S[U, ϕ] = βs
∑
sp
(
1−
1
2
TrUpl
)
+ βt
∑
tp
(
1−
1
2
TrUpl
)
+
∑
x
{
1
2
Tr (ϕ+x ϕx) + λ
[
1
2
Tr (ϕ+x ϕx)− 1
]2
−κs
3∑
µ=1
Tr (ϕ+x+µˆUx,µ ϕx)− κtTr (ϕ
+
x+4ˆ
Ux,4 ϕx)
 , (1)
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Figure 1: One-loop diagrams contributing to the effective potential. The solid line represents the Higgs-,
the dashed one the Goldstone- and the wavy line the vector-boson.
where Ux,µ denotes the SU(2) gauge link variable, Usp and Utp the path-ordered product of the four
Ux,µ around a space-space or space-time plaquette, respectively. The symbol ϕx stands for the Higgs
field, which is also written as ϕx = ρx · αx, with ρx ∈ R
+ and αx ∈ SU(2).
The anisotropies
γ2β =
βt
βs
, γ2κ =
κt
κs
(2)
are functions of the asymmetry ξ. On the tree-level the coupling anisotropies are equal to the lattice
spacing asymmetry; however, they receive quantum corrections in higher orders of the loop-expansion
γ2β = ξ
2
[
1 + cβ(ξ)g
2 + bβ(ξ)λ+O(g
4, λ2)
]
, γ2κ = ξ
2
[
1 + cκ(ξ)g
2 + bκ(ξ)λ+O(g
4, λ2)
]
. (3)
Here g is the bare gauge coupling in standard notation and a formal double expansion in g2 and
λ has been performed. In this double expansion we use the formal power counting λ ∼ g2. It is
useful to introduce the hopping parameter κ2 = κsκt and β
2 = βsβt. In general, the determination
of γβ(ξ) and γκ(ξ) should be done non-perturbatively. This can be achieved by requiring that the
Higgs- and W-boson correlation lengths in physical units are the same in the different directions.
This idea can be applied in perturbation theory as well (see e.g. [16]), and we will follow this method
in our analysis too. It is believed that this procedure ensures a rotationally invariant effective action
[16, 17].
The Feynman-rules of the theory can be derived as usual (for the three-dimensional case they
can be found in ref. [7]). In our analysis we will need the Higgs- and gauge-boson propagators with
one-loop corrections. The inverse of the tree-level Higgs-boson propagator has the form
∆H,0(p)
−1 = m2H,0 +
3∑
i=1
pˆ2i +
γ2κ
ξ2
pˆ24, (4)
for the gauge-boson:
∆abW,0,µν(p)
−1 = δabδµν
[
m2W,0 +
3∑
i=1
pˆ2i +
γ2β
ξ2
pˆ24
]
. (5)
Here Feynman-gauge has been used in the Higgs (broken) phase and
pˆi =
2
as
sin
aspi
2
, pˆ4 =
2
at
sin
atp4
2
. (6)
The tree-level masses are given by
m2H,0 = −
2
a2s
[
1− 2λ
κ
ξ − 6− 2ξ2
]
, m2W,0 =
m2H,0κ
2
2λξβ
. (7)
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Figure 2: The lattice integral J1(ξ, 0) (see text) on asymmetric lattices as a function of 1/ξ.
Lattice perturbation theory is conveniently formulated by means of the parameters λc and g
λc =
λξ
4κ2
, g2 =
4
β
. (8)
The main goal of the paper is to perform a one-loop analysis of the theory defined by eq. (1).
This means first the determination of the mass-counterterm. One wants to tune the bare parameters
in a way that the one-loop renormalized masses are finite in the continuum limit (however, their
values in lattice units vanish asMren = 0 for as → 0). At the same time the vacuum expectation
value of the scalar field will be also zero in lattice units (asv = 0 for a→ 0) , i.e. we are at the phase
transition point between the spontaneously broken Higgs phase and the SU(2) symmetric phase. The
condition is fulfilled by an appropriate choice of the hopping parameter (critical hopping parameter).
The ratios of the couplings (γβ and γκ) are still free parameters and can be fixed by two additional
conditions. We demand rotational (Lorenz) invariance for the scalar and vector propagators on the
one-loop level. This ensures that the propagators with one-loop corrections have the same form in
the z and t directions. Clearly, arbitrary couplings for different directions in eq. (1) would not lead
to such rotationally invariant two-point functions.
The most straightforward method to determine the transition point is the use of the effective
potential in the Landau gauge. The relevant one-loop graphs are shown in Figure 1. In this gauge
no contribution comes from the ghost fields. The direct calculation gives for a constant Φ field
Veff(Φ) = −
m2H,0
4
Φ2 + λcΦ
4 +
∫
k
[
1
2
log(kˆ2 + 12λcΦ
2) +
3
2
log(kˆ2 + 4λcΦ
2) +
9
2
log(kˆ2 + g2Φ2/4)
]
,
(9)
where ∫
k
≡
1
(2pi)4
∫ pi/as
−pi/as
d3k
∫ pi/at
−pi/at
dk4, (10)
and
kˆ2 ≡
4∑
µ=1
kˆ2µ. (11)
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a. b.
Figure 3: Self-energy graphs of the Higgs-boson contributing to the anisotropy parameters.
Note that, in this order, the propagators have no γ2κ,β/ξ
2-type corrections in the temporal direction.
These terms would lead to corrections of higher order in the critical hopping parameter. The condition
d2Veff(Φ = 0)/dΦ
2 = 0 gives the value of the critical hopping parameter
κc =
ξ
2(3 + ξ2)
+
1
(3 + ξ2)2
[
6ξJ1(ξ, 0)−
ξ2
(3 + ξ2)
]
λc +
9ξJ1(ξ, 0)
16(3 + ξ2)2
g2, (12)
where the notation
Jn(ξ,mas) = a
4−2n
s
∫
k
1
(m2 + kˆ2)n
(13)
for the dimensionless lattice integrals on asymmetric lattices is used. For the readers’ convenience
we plot J1(ξ, 0) of eq. (12) in Figure 2 as a function of 1/ξ. We have proved that eq. (12) does not
depend on the choice of the gauge parameter in Rξ gauge. For the special case of symmetric lattice
spacings, ξ = 1, our quantum corrections to the critical hopping parameter reproduce the known
result of the isotropic SU(2)-Higgs model [17].
3 Quantum corrections to the anisotropy parameters
On the one-loop level the propagators of eqs. (4 and 5) receive quantum corrections:
∆H,1(p)
−1 = ∆H,0(p)
−1 + ΣH,1(p), ∆
ab
W,1,µν(p)
−1 = ∆abW,0,µν(p)
−1 + ΣabW,1,µν(p). (14)
One can demand rotational invariance in the continuum limit, as, at → 0 at fixed ξ = as/at. The
corrections to the anisotropies in the kinetic parts of eqs. (4,5) should be cancelled by the kinetic
parts of the self-energies (14) (cf. [16]). For the Higgs-boson this can be achieved by demanding
γ2κ
ξ2
+
1
2
∂2ΣH,1(p)
∂p24
∣∣∣
p=0
= 1 +
1
2
∂2ΣH,1(p)
∂p2i
∣∣∣
p=0
, (15)
where i = 1, 2, 3. An analogous condition can be given for the gauge-boson self-energy as well. These
conditions determine the functions cβ(ξ), cκ(ξ), bβ(ξ) and bκ(ξ) of eq. (3).
In this section Feynman-gauge will be used. The relevant graphs to eq. (15) are shown in Figure 3.
The diagrams contributing to the analogous condition in the gauge sector are given by Figure 4. Note
that there are several other one-loop contributions to the self-energies; however, those graphs give
higher order terms in the g2, λ double expansion, or they are independent of the external momenta.
The contribution due to the Higgs → Goldstone+vector → Higgs graph reads
3g2
4
∫
k
̂(p+ k)2
(kˆ2 +M2W )(
̂(p− k)2 +M2W ) , (16)
5
a. b.
c. d.
e.
Figure 4: Self-energy graphs of the vector-boson contributing to the anisotropy parameters. The curly
line represents the ghost field.
whereas the Higgs → vector → Higgs with four-particle vertex gives
−
3g2
4
∫
k
4∑
µ=1
cos2 pµaµ
1
kˆ2 +M2W
. (17)
The contributions to the vector self-energy are much more complicated (particularly the one due to
the vector four-coupling of Figure 4.b); therefore, they will be not listed here. The corrections to the
anisotropies are obtained as a difference of two integrals –see eq. (15)– which is always finite. The
functions cβ(ξ) and cκ(ξ) of eq. (3) are plotted in Figure 5.
There are several important features of the result, which should be mentioned.
a. Masses in the propagators: a consistent perturbative procedure on the lattice determines the bare
parameters, for which the renormalized masses vanish, cf. eq. (12). With these bare couplings other
quantities, e.g. asymmetry parameters, are determined. However, using the one-loop renormalized
masses (asMH = asMW = 0) in the propagators instead of the bare ones leads to changes in the
results, which are higher order in g2 and λ. Therefore, all our results are given by the integrals with
renormalized masses.
b. g2 and λ corrections: In Figure 5 we have given only cβ(ξ) and cκ(ξ). The functions bβ(ξ) and bκ(ξ)
vanish, thus there are no corrections of O(λ) to the anisotropy parameters. It is easy to understand
this result qualitatively, since only graphs with two or more scalar self-interaction vertices have non-
trivial dependence on the external momentum. This feature is connected with the well-known fact
that the Φ4 theory does not have any wave function correction in first order in the scalar self-coupling.
It is worth mentioning that there is only one type of two-loop graph (the setting-sun) which should
be combined with the one-loop graphs, in order to obtain the whole O(λ2) correction.
c. Pure gauge theory: The graphs of Figure 4.a, 4.b and 4.c are identical with those of the pure gauge
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Figure 5: cβ(ξ) and cκ(ξ) as functions of 1/ξ.
theory. Evaluating these diagrams one reproduces the result of ref. [8] (the function cβ(ξ) of the
present paper corresponds to cτ (ξ)− cσ(ξ) of ref. [8]). The most important contribution comes from
the self-energy graph with vector four-coupling of Figure 4.b. Inclusion of the scalar particles gives
only small changes. The relative difference between the cβ(ξ) functions for the pure SU(2) theory
and for the SU(2)-Higgs model is typically a few %.
d. Quantum corrections to the hopping parameter: the contributions to the hopping parameter come
from Figure 3.a and 3.b. This correction has the same sign and order of magnitude than that of the
gauge anisotropy parameter; however it is somewhat smaller. It is possible to combine the anisotropies
c′β(ξ) = cβ(ξ)−cκ(ξ). For this choice in the gauge sector and with γκ = ξ the rotational invariance can
be restored on the one-loop level, choosing the appropriate value for the lattice spacing asymmetry
as/at. Thus, the masses in both directions will be the same. However, the obtained lattice spacing
asymmetry will then slightly differ from the original ξ; one gets as/at = ξ(1− g
2cκ(ξ)/2)+O(g
4, λ2).
Finally, it should be emphasized that the truly non-perturbative analysis of several thermo-
dynamical quantities on lattices with anisotropic couplings ought to include the non-perturbative
determination of the anisotropy parameters. This can be achieved by the study of the correlation
functions and/or static potentials given by Wilson-loops.
4 Discussion
We have studied the SU(2)-Higgs model on lattices with asymmetric lattice spacings as 6= at. We have
determined theO(g2, λ) corrections to the coupling anisotropy parameters γβ and γκ. The corrections
of order λ vanish. The g2 corrections are quite small. Since the finite temperature electroweak phase
transition is characterized by the dimensionless gauge-coupling g2 ≈ 0.5, the one-loop perturbative
approach to the lattice anisotropy parameters seems to be satisfactory.
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